We propose a world-sheet realization of the zigzag-invariant strings as a perturbed WZNW model at large negative level. We argue that the gravitational dressing produces additional fixed points of the dressed renormalization beta function. One of these new critical points can be interpreted as a zigzag-invariant string model. *
A world-sheet description of the QCD string has not as yet been discovered. At the same time, the general feeling is that we are getting very close to unveiling the one of the most intriguing enigma of theoretical physics. Recently, a major breakthrough has been achieved [1] , [2] , [3] . It has been shown that a Yang-Mills theory in D-dimensions can be obtained from a (super)gravity defined in a D + 1-dimensional space-time. The open problem is to understand the concrete world-sheet realisation of these ideas.
Here we would like to attempt a formulation of a two-dimensional model which may have properties similar to the ones required for the QCD string. According to Polyakov, the latter has to be described by the following world-sheet action [1] 
where we omit possible antisymmetric fields, like B µν or Ramond-Ramond fields in the supersymmetric case. Here φ is the Liouville field of 2D gravity, x µ (µ runs from 1 to D) are coordinates of the confining string, Φ is the dilaton field, R (2) is the curvature of the world-sheet and a(φ) is the running string tension. The zigzag symmetry requires the existence of a certain value of the Liouville field φ * such that [1] a(φ * ) = 0.
A concrete world-sheet realisation of Polyakov's ansatz appears to be fairly intricate.
Our first step is to consider a certain non-conformal model with the running coupling constant in front of the kinetic term. Such a theory has been discussed in [4] . It is a (non-unitary) WZNW model perturbed by its kinetic term. The corresponding action is written as follows
Here ǫ is a small constant, S W ZN W (G, k) is the WZNW model on the group manifold G at level k and
where
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The operator O has the following conformal dimension
Thus, for k < −2c V (G), O is a relevant operator with positive conformal dimension.
Another important property of O is that it satisfies the following OPE
where the square brackets denote the contribution of O and the identity operator and their descendants, whereas dots stand for operators with conformal dimensions greater than one. The given OPE implies that the perturbed CFT is renormalizable.
Since the critical point ǫ 0 = 0 is unstable, the theory (3) will flow to some IR conformal point or to a massive phase. The corresponding renormalization group beta function is given as follows
where Λ is the ultraviolet cutoff. In the limit k → −∞, eq.(8) has a non-trivial fixed point
at which the perturbed non-unitary WZNW model becomes a unitary WZNW model with positive level l → |k|.
Along the flow from ǫ 0 to ǫ * , the parameter ǫ passes the middle point
at which the deformation kills the sigma-model kinetic term and the resulting theory has only the Wess-Zumino term, i.e.
S(ǫ
This point does not appear to be critical, however, the properties of the theory at this point are quite puzzling [5] which make very difficult its quantum interpretation.
In spite of certain pathology, the described perturbed WZNW model seems to mimic well the behaviour of Polaykov's confining string. In order to make the link between the perturbed WZNW model and Polyakov's ansatz more precise, we have to couple the former to 2D gravity. This gives rise to the so-called gravitational dressed beta functionβ [6] , [7] , [8] . Usually, the latter can be written as an expansion in the perturbation parameter but only with new coefficients:
where ∆ andC are the KPZ gravitational scaling dimension [9] and the coefficient of the dressed three-point function respectively,
Here
We also assume that c > 25.
For large c, the dressed beta functionβ has exactly the same fixed points as the original beta function β. This can be seen either from direct calculation or from the following
However, when c approaches 25, the expansion (12) is no longer valid as the corresponding coefficients become singular in the limit k → −∞. For example, one can show that for c = 25, the dressed beta function of a marginal (∆ = 1) operator behaves as follows
Thus, around 25, the expansion of the gravitational dressed beta function in ǫ may completely change its form, e.g. instead of integer powers of ǫ, there might be integer and half-integer powers of ǫ. This may lead to new critical points of the dressed beta function compared with the original beta function, that is zeros ofβ will not necessarily be zeros of β. This situation is realised in the case under consideration.
In order to see that there are new zeros, we shall use two more very important equations
[10]
where c(Λ) is Zamolodchikov's c-function which changes along the flow (as a function of the cut-off Λ). In models with gravity, the c-function does not necessarily decreases, however the second equation in (17) tells us that the function Q(Λ) does decrease along the flow.
Let us now consider the situation when c is slightly greater than 25. This can be realised, if we take a perturbed WZNW model and add to it a CFT whose Virasoro central charge is equal to 25 − dim G. Then the total Virasoro central charge is given as
Without gravity, the flow would take us to the IR conformal point with c < 25. These two fixed points are symmetrically located with respect to the middle point at which c = 25.
However, when the gravity is turned on, the flow cannot end under the c = 25 barrier [10] , although it can cross it. Without gravity, the middle point ǫ W Z corresponds to
whereas ǫ * gives rise to the negative Q. When we turn on 2D gravity, we can no longer reliably use the expansion (12) around c = 25. However, the information about the fixed points far away from 25 allows us to establish that ǫ W Z must remain in the middle also when gravity is turned on. Thus, in the presence of gravity eq.(19) still has to hold.
Taking into account equations (17), we find
All in all, we arrive at the conclusion that the middle point (10) is a conformal point of the dressed beta function. The appearance of this additional conformal point prevents the flow from crossing the barrier. This point is very nontrivial. In particular, we expect that eq.(15) has to break down at the given point. One reason for it is that this equation was derived within the α ′ -expansion [10] . However, at this point the string tension vanishes, that is α ′ becomes very large. Unfortunately, it appears to be very difficult to carry out any qualitative analysis around ǫ W Z . The other two equations in (17) seem to be still valid, since they are not directly affected by the running string tension.
Note that our analysis works for any group G. Perhaps G has to be chosen noncompact because we are obliged to deal with negative k. Thus, we can lift off the restriction on the group manifold obtained in our previous paper [11] .
